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The use of analytical chemistry measurements in environmental monitoring is de-
pendent on an assessment of measurement error. This paper demonstrates the utility of
a two-component error model in setting limits of detection and related concepts. The
model is applicable to analytical methods in which high concentrations are measured
with approximately constant relative standard deviation. At low levels, the relative
standard deviation cannot stay constant, since this implies vanishingly small absolute
standard deviation. The two-component model has approximately constant standard
deviation near zero concentration, and approximately constant relative standard devi-
ation at high concentrations, a pattern that is frequently observed in practice.

1. Introduction

Limitations of the analytical methodology used to measure the concentration of toxic sub-
stances in the environment have had an important policy role in regulation. It is difficult to
regulate emissions of toxic substances at levels below what can be reliably measured, and a
definition of the level of reliable measurement is therefore crucial to policy making. In this
paper, we discuss the implications of a model for measurement error for these policy issues.

It has been observed from long experience that the measurement error of an analytical
method, for example atomic absorption spectroscopy, is of two types. Over a range of con-
centrations near zero, the measurement error is seen to be constant. Over ranges of higher
concentration, the measurement error is observed to be proportional to the concentration
of the analyte (Currie, 1968; Hubaux and Vox, 1970). This poses some difficulty in esti-
mating the overall precision of an analytical method for data that span the “gray area”
where a transition occurs between near-zero concentrations and quantifiable amounts. If a
model assuming a constant error is used, there is an implicit assumption that the absolute
size of the error is unrelated to the concentration of the analyte. This assumption is not
supported by empirical observation of behavior at the higher levels. If a model assuming



a proportional error is used, then there is an implicit assumption that the measurement
error becomes vanishingly small as the concentration approaches zero. This assumption is
also contrary to experience of behavior at the lower levels. Since environmental monitoring
data often fall into this gray area, understanding measurement error in this region is of
considerable importance.

The model presented here resolves these difficulties by incorporating both types of error
that are observed in practice into a single model. This model provides an obvious advantage
over existing models by describing the precision of measurements across the entire usable
range. We will present two examples—one of zinc by ICPMS and one of propionitrile
by GC/MS. These examples support the validity and advantages of this two-component
model. We also discuss the application of the model to detection limits, quantification
limits, sample size calculations, and the construction of confidence intervals. Some of the
technical background to this model can be found in Rocke and Lorenzato (1995). Some
related work with a different point of view on some of the policy issues can be found in
Zorn, Gibbons, and Sonzogni (1997, 1999).

2. The Model

Most measurement technologies require a linear calibration curve to estimate the actual
concentration of an analyte in a sample for a given response. We can incorporate into the
linear calibration model the two types of errors that are observed in most analyses. The
two-component model is

y=oa-+ pue’ +¢ (2.1)

where y is the response (such as peak area) at concentration p, n ~ N(0,0,) and € ~
N(0,0.). Here, n represents the proportional error that always exists, but is noticeable
at concentrations significantly above zero, and e represents the additive error that always
exists but is noticeable mainly for near-zero concentrations. This two-component model
approximates a constant standard deviation for very low concentrations and approximates
a constant relative standard deviation (RSD) for higher concentrations. Note that y is
the response of the measuring apparatus, for example peak area. In order to obtain the
estimated concentration, we perform the back calculation:

=412 2.2

=7 (2.2)

where & and 3 are estimates of o and 3 respectively in the model (2.1).
Under this model, the variance of the response y at concentration y is given by

Var{y} = 23271 (%1 — 1) + o2 (2.3)

(Rocke and Lorenzato 1995). Two derived quantities will be useful in interpretation of
the results. S = o/ represents the approximate standard deviation of fi at low levels



approximate because it ignores uncertainty in the calibration parameters a and 3). S, =

e (e"% — 1) is the approximate RSD of /i for high levels. For values of o, appropriate for

analytical technologies (say no more than 0.3), S, is very near o,,. For example, if o, = .1,
then S, = .1008 and if o, = .3, then S, = .32.
Using these derived quantities, we can represent the variance of y as

Var{y} = ,uzﬂzss + 02 (2.4)
and for the estimated concentration,
Var{j} = p*S2 + S? (2.5)

Let us compare the usefulness of two-component error model to a model using only the
relative standard deviation (RSD), which is defined to be equal to the standard deviation
of the estimated concentration divided by the concentration (Liteanu and Rica, 1980). For
the two component model, we have

qg—
RSD{ji} = 1S3+ 52/u? (2.6)

If the error structure is described only in terms of RSD, we see that measurements at high
concentrations have a nearly constant RSD, whereas small concentrations have an increasing
RSD that tends to infinity as the concentration approaches zero. Use of RSD alone to
characterize measurement error in the low concentration region can cause difficulties when
attempting to make decisions regarding detection and quantification. The two-component
model allows for a more reasonable estimation of error near zero, and hence more reasonable
criteria for setting detection limits, critical levels, and quantification levels.

As an example (zinc by ICPMS described in detail later), suppose that o = 204 (in
units of the peak area), o;, = 0.0390 (this is the high-level CV), a = 490, and § = 7.06.
The derived quantities are S, = 204/7.06 = 28.9ppt and S, = .0390. Then the standard
deviation of blanks is 204 (units of peak area) or 28.9ppt. Critical levels, which are the
basis for determining detection of an analyte, are often set at 2-3 times the standard
deviation of the blank above background (see Currie, 1995, 1997). Using this definition
with a multiplier of 3, we have the critical level set at 490 4+ 3(204) = 1102 in units of peak
area or 3(28.9ppt) = 86.7ppt. Then, using (2.4) the standard deviation of the response, y,
at concentration p = 86.7 ppt is

P
SD{y} = p(86.7)2(7.06)2(.0390)2+(204)2
= 42,200
= 205

(compared to 204 at zero concentration). The standard deviation of the estimated concen-
tration is, using (2.5),

SD{a} = p(86.7)2(.0390)2+(28.9)2
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(compared to 28.9 ppt at zero concentration).

That is, using the two-component model, measurements at this concentration have a
standard deviation of about 29.1 ppt, only slightly above the value for blanks, and RSD =
29.1/86.7 = 0.34.

3. Estimation

The parameters in the two-component model can be estimated in a number of ways. The
standard deviation o, of the low level measurements can be estimated from replicate blanks,
for example by those routinely included with batches of samples. If this number is stable,
it can also be estimated from routine QC data so long as measurements are replicated.
The parameter o, can be likewise estimated from the standard deviation of the logarithm
of high level measurements. The calibration curve can then be estimated using weighted
least squares, weighting each point by the inverse estimated variance. It is also possible
to estimate all four parameters simultaneously using weighted least squares, although our
experience is that this estimation method is often not very stable and can lead to noncon-
vergence or impossible estimates (such as negative variances).

The most effective estimation method is maximum likelihood, as described in Rocke and
Lorenzato (1995). A computer program that solves for the maximum likelihood estimates
for a, B, o, 0, is available at http://handel .cipic.ucdavis.edu/~dmrocke.

4. Applications

In this section we describe some applications of the two-component model. Special emphasis
is given to applications in environmental monitoring, where detection and measurement of
toxins at very low levels can be quite important.

4.1. Critical Levels

Detection refers to the capability of an analytical measurement process to indicate the
presence of an analyte. This requires an agreed upon procedure for determining whether or
not a given measurement result conclusively establishes that the analyte is present in the
sample. In practice, this means that the investigators establish a numerical value such that
a result greater than this value is extremely unlikely to occur if the true concentration is
in fact zero, while a result lower than this value indicates that the true concentration in
the sample is either zero, or is too low to detect (with certainty) with the technology in
use. The measurement error that exists in any technology leads to this inability to detect
concentrations below a certain level. The Critical Level is defined by the International Union
of Pure and Applied Chemistry (IUPAC) to be the value, L¢, such that the probability of a
measurement exceeding this value will be very small, say 0.01, when the true concentration
in the sample is zero (Currie, 1995). That is, samples that do not contain the analyte are
very unlikely to generate measurement results that exceed Lo. Note that the Critical Level



is defined at first in the units of the measurement technology (e.g., peak area) not in units
of concentration. Of course, we can also express the critical level in units of concentration
by taking the critical level (in measured units) and dividing by the calibration slope f[.
Since the Critical Level is the point at which the detection decision is made, it has been
called by some authors a detection limit, but it should be noted that it is distinct from the
TUPAC definition of the Limit of Detection. Limits of Detection will be discussed later in
this paper.

Under the assumption of normality, the value of Lo may be calculated as follows: As-
sume that o, the standard deviation of the response at u = 0, is known and that we
require 99% confidence in our statement that the analyte is present. Then the one-sided
99% confidence level is represented by Lo = o+ zgo., where zg is the z-value corresponding
to the 99th percentile of the standard normal distribution (i.e., zp = 2.326). To find the
critical level for any level of confidence, simply find the appropriate one- sided z-value, then
multiply by the standard deviation of the blanks and add this to the mean value of the
blanks i.e.,

Lo =a+ zo. (4.7)
in units of the response of
Lo = 208 (4.8)

in units of concentration. Generally, the mean and standard deviation of the blanks will
be well enough known from experience to use this method. If these are estimated from
data, then a t-value (from the t-distribution), with the appropriate degrees of freedom, is
substituted for the z-value. The advantage of the two-component error model is that an
estimate for o, with desirable statistical properties can be obtained from data that span a
range of concentrations, resulting in greater accuracy from a given amount of data.

For our example zinc data, we have o. = 204 in units of peak area and S, = 28.9 ppt.
If we use a 99% confidence level, the normal percentage point is 2.326, so that L in units
of peak area is 490 + (2.326)(204) = 965 and in units of concentration is (2.326)(28.9) =
67.2ppt.

Note that a measured value below Lo does not establish that the analyte is absent, only
that it has not been shown conclusively to be present. This means that the value should
be reported as measured, together with the standard deviation at the measurement value.
Cases in which limitations of the instrument itself prevent reporting a value (e.g. as is
the case with some spectroscopic measurements) are an obvious exception. In other cases,
censoring of values below Lo may be required as a matter of policy by regulatory agencies.
Such practices result in data sets with reduced utility from the loss of information, which
makes tracking of trends, monitoring of laboratory quality, summarization of data, and
other data analysis all more difficult. More importantly, this censoring needlessly prevents
investigators from being able to reach probabilistically quantified conclusions about the true
presence of an analyte. Sometimes sophisticated methods can be used to cope with these
censored data (Gilbert 1987, Cohen 1991), but simple reporting of measured values would
allow use of basic, easily understood methodology instead of these complex techniques.



4.2. Minimum Detectable Value

The Limit of Detection or Minimum Detectable Value is the true concentration, Lp, of an
analyte that will, with high confidence, produce a measured value above the critical level.
For example, if the concentration Lp is chosen for laboratory QC, it should be detected
(measured above the Critical Level L) almost all of the time. Although Lo can be given
either in the units of the measurement technology or in units of concentration, Lp is purely
in units of concentration. Conceptually, Lo is determined so that the desired confidence
level of the test that the true concentration is zero is met, and Lp is determined so that the
desired statistical power is obtained. It usually cannot be safely assumed that the standard
deviation at the detection limit is the same as the standard deviation of a blank, so reliable
estimates of variance at any specified concentration are necessary for reliable determination
of the minimum detectable value.

We can find a good estimate of Lp by noting that the level is low enough that a normal
approximation is appropriate (at high levels, the distribution is essentially log normal). We
treat y as being normally distributed with mean « + Bu and with variance given by (2.4)
and solve the resulting equation. Recall that, from (2.5),

Var{ji} = p®S? + SZ. (4.9)
so that Lp is the solution to the equation
2 P———
Lp = 2057+ zquar{LD} (4.10)
= 287+x L3S2+ 82 (4.11)

where zg is the percentile of the standard normal distribution corresponding to the desired
confidence level for the critical level, and z; is the percentile corresponding to the desired
confidence level for the minimum detectable value. Since Lp appears on both sides of the
equation, at first glance it might seem that iterative methods would be required to find
the solution. However, so long as the variance of y does not increase too rapidly with u, a
closed form solution is possible. The required condition is

Sy < 1/z1. (4.12)
For details and proof see the Appendix. The solution derived there is
h q i
Sc w0+ B (12— )
Lp = . 4.13
b (1-— sz%) (4.13)

When zg = z1 = z, we have the particularly simple form

225,

Lp = —22%
b 1—225%

(4.14)



Then an estimated Lp is found by simply substituting the sample variance estimates into
the above equation.

For our example zinc data, we have S = 28.9 and S,, = .0390. If we use zg = z1 = 2.326,
corresponding to 99% confidence, we have a minimum detectable value of

(2)(2.326)(28.9)/[1 — (2.326)(.0390)?] = 135ppt. (4.15)

One important use of Lp is to assess and monitor the performance of a laboratory.
If samples are spiked at a concentration of Lp, then almost all of the time the resulting
responses should exceed the critical value Lo. Such trials can be run periodically to monitor
the ability of the laboratory to detect analytes up to specifications. Another important
use is to determine what concentrations in the field can reliably be detected with a given
technology. If concentrations below the minimum detectable value are important to detect,
consideration should be given to the use of better technology or replicate measurements.
The minimum detectable value should never be used to assess a measured value to decide
if it should be reported or censored. It should only be used for planning purposes or for
quality assurance.

4.3. Quantification Limit

By a Quantification Limit, some authors have meant the lowest level at which the quan-
titative assessment is sufficiently accurate for practical use. Since the standard deviation
at low levels is actually smaller than that at high levels, it could be argued that this is
a meaningless concept—any measured value, along with a confidence interval, provides a
useful measurement; and the most precise measurements, in terms of standard deviation,
are actually those for the lowest level of the analyte. A definition with some practical utility
is the true concentration at which the relative standard deviation (RSD) falls to a specified
level (Gibbons, 1994; Meier and Ziind, 1993). However, measurement of some analytes at
an arbitrarily low RSD, such as 10% may not be possible. The model allows for evaluation
of each case in terms of what RSD is feasible. The RSD at 0 is automatically infinite, no
matter how accurate the measurement process is, and the RSD at high levels is o, so it
is meaningful to define the quantification limit as the level at which the RSD falls to a
specified factor of oy, say 20,. It makes little sense to specify a particular arbitrary RSD,
such as 20%, since the limit of quantification would then be undefined for any measurement
process with o, > 0.20. This is easily seen by substituting in 0.2 in the example given
earlier. If it is desirable to make this computation for a particular process, this can easily
be done using the model presented here. Let R be the desired RSD, e.g. 10%. Then the
equation

q

V(Lg)/Lo = R, (4.16)



where V(Lg) = LZQS% + 52, has solution
S

whenever R > S,. No real solution is possible when R < S;,. This is readily apparent once

(4.16) is re-written as a quadratic equation in L.
For our zinc example, S, = 28.9 ppt S, = .0390. If the desired RSD is 10%, then

LQ:2&WF%1V—(O%®2:3me. (4.18)

Compare this to the 99% confidence critical level of 67.2 ppt and the minimum detectable
value of 135 ppt. The limit of quantification is somewhat arbitrary by comparison. While
the critical level and the minimum detectable value are quantified using standard normal
probability theory, the limit of quantification is set arbitrarily by the investigator. For
example, if the target RSD is chosen to be 15%, rather than 10% then the quantification
limit is 200 ppt instead of 314 ppt. For analytes that are toxic at very low levels, this
arbitrary choice may have rather severe consequences. As in the case of the minimum
detectable value, the limit of quantification has no use in interpreting measurements that
have already occurred. The estimated concentration along with a measure of the uncertainty
of the measurement convey all of the necessary information.

4.4. Sample size calculations

When detection is crucial, it makes sense to take replicate samples at a site rather than one
measurement. The measurement error associated with the mean of the replicates is much
smaller than the error associated with one measurement—thus replication allows for more
sensitive detection of the toxin. Therefore, sample size calculations become quite important.

According to our model, the measurements at true concentration g = 0 are normally
distributed with standard deviation o, If the number of replicates is r, then any average of
measured values greater than

30,

NG
is extremely unlikely to have come from a zero concentration sample. Similarly, so is any
average of estimated concentrations greater than

35,
I
(Of course, this assumes that the replicates are true reruns of the entire process; otherwise
the error may not be reduced by a factor of \/r, but by a much smaller amount.)

An implication of this rule for environmental monitoring is that multiple measurements
at low levels, even if they are individually below the critical level, can still provide quanti-
tative evidence of the concentration of a toxic substance. If the safe level is near or below

D=a+ (4.19)

D =

(4.20)



the critical level, then requiring adequate replication of the measurements reduces the effec-
tive critical level. That is, much smaller amounts can be measured with greater certainty.
Quantitative recording of repeated measurements, even when they are below the individual
observation critical level, will allow quantitative evidence to be gathered to estimate the
true concentration at a site.

The question remains—How many replicates are needed? The approximate sample size
required to determine a concentration to a particular precision depends on the concen-
tration as well as the precision desired. Suppose that we wish to determine whether the
concentration of zinc is above some specific level, say 50 ppt. From previous experience, we
estimate the standard deviation parameters to be Se = 28.9 ppt and S, = 0.0390. Suppose
further that it is held to be important to detect a concentration of 80 ppt and determine it
to be out of compliance. At that concentration, the standard deviation of an average of r
replicates is

S— r
S2 + 1u2S2 9)2 2( 2
K283 (28.9)2 + (80)2(.0390) w21)
r r
r___
_
N T
2.1

\/F

Using a normal approximation, the distance between the criterion level 50 ppt and the
concentration 80 ppt in standard deviation units is

(30/29.1)y/r = 1.03/r (4.22)
For the chance of detection to be 0.95, we require
1.03v/7 > 1.645

or 7 > 2.55. In this case, then, we need at least three replicates.

4.5. Uncertainty of a Single Measurement

The uncertainty of a single measurement is usually quantified using confidence intervals.
There are two primary approaches to this problem, an exact solution and a normal or
lognormal approximation. The exact solution requires numerical integration and will not
be discussed here. Say we would like a 95% confidence interval for p based on a single
measurement, . The approximate method for low values of fi, using an estimated variance
and a normal approximation is

s 1.96pVar(,a) (4.23)



where Var(j1) is estimated using

N

0.2 ~ ~
ﬂ]; + e (e — 1) (4.24)

Var(j1) =

and where all estimates are obtained from the maximum likelihood routines or other meth-
ods. For high levels of /i, (those in which the second term in equation (2.5) dominates), In
is approximately normally distributed with variance 05. Hence, a 95% confidence interval
for p is

(exp(In it — 1.9607), exp(In ft + 1.965,)). (4.25)

Note that this interval is symmetric on the log scale, but asymmetric on the original mea-
surement scale.

For our zinc data, a measured concentration of 80.0 ppt would use the first technique
and have a 95% confidence interval of 80.06 (1.96)(29.1) = 80 £ 57.0 (since the standard
deviation of the 80.0 ppt measured value is = (29.9)2 + (80)2(.0390)2 =). A measured value
of 5000ppt would use the second method. The log measurement is 8.517 with standard
deviation o = .0390, so a 95% confidence interval on the log scale is 8.517+(1.96)(.0390) =
8.517 £+ .076, or (8.441,8.593). Transforming the limits by exponentiation, we arrive at the
95% confidence limit (4630, 5390) for the concentration.

We can also use this method to give confidence intervals for the average of a series of
replicate measurements. For low levels, the average of r measurements will be approximately
normally distributed with standard deviation =~ Var(f)/r. For larger values of i, the average
of the natural log of the r measurements will have approximate standard deviation o¢/+/r.
Confidence intervals can then be constructed as above, using the appropriate standard
deviations.

5. Examples

In this section we present two examples of analytical methods and examine the fit of the
two-component error model. Our first example is a metal data set using ICPMS. Our second
example is an organic data set using GC/MS. In both cases, we use the calibration curve
model (2.1)).

5.1. Zinc by ICPMS

This first example is a set of zinc data at 12 concentrations measured via inductively coupled
plasma mass spectrometer (IPCMS), with 7 to 11 replications at each concentration. The
maximum likelihood parameter estimates for «, 3, o and o, are shown in Table 1. The
summary data are shown in Table 2. The observed and predicted responses are shown
in Figure 1. A plot of the residuals versus predicted values is shown in Figure 2. Note
the increasing deviation of the observed response away from the calibration curve (i.e., the

10



predicted response). Thus, the data exhibit the error structure assumed by the model. The
observed and model predicted variances are shown in Figure 3. Here also, the linear increase
in standard deviation at high levels is clear, as well as an area at concentrations near zero
where the standard deviation appears to remain somewhat constant.

5.2. Propionitrile by GC/MS

Our second example is a set of propionitrile data measured at 9 concentrations, using
gas chromatography/mass spectrometry (GS/MS) with the number of replications varying
between 4 and 11. The maximum likelihood estimation results are shown in Table 3. The
summary data are shown in Table 4. The observed and predicted responses are shown
in Figure 4. The residual versus predicted plot appears as Figure 5. The observed and
predicted variances are shown in Figure 6. Once again, it can be easily observed that the
data exhibit the error structure of the model and the estimation routine produces plausible
results.

5.3. Conclusion

The two-component error model is useful for many applications in the assessment of envi-
ronmental data since it provides accurate estimates of error across the entire usable range
of a measurement technology, so long as the data exhibit the error structure specified by the
model. The model has been tested on a wide variety of data sets, two of which were shown
here. The estimation routine produces highly accurate maximum likelihood estimates for
the model parameters for each of the data sets tested.

The two-component error model is especially useful in the calculation of critical values
and limits of detection based on standard probability theory and also allows calculation of
limits of quantification. Thus, the model provides a solid analytical framework for making
detection decisions and a superior alternative to previous methods for calculating the quan-
tities mentioned above. That is, the model facilitates explicit evaluation of the efficacy of
alternative values for RSD as a criterion of quantification.

Appendix
A. Closed Form Solution for IUPAC Minimum Detectable Value

Given a critical level Lo with associated confidence level 4, and a desired confidence level
8" for Lp, the IUPAC minimum detectable value is the true concentration Lp such that the
measured response will exceed Lo at least a fraction 1 — 8 of the time. The exact solution
of this problem under the two-component model can be difficult, but a good approximation
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can be derived using normal theory by letting Lp be the solution to the following equation

o
(o +BLp) — 2z _Var(y;Lp) = Lo = a+ 20 (1.26)
BLp —z1 Nar(y;Lp) = 20 (1.27)

LD — z21 V(ﬂ, LD) = zoSe (1.28)

where 29 = z5 and z1 = 24, the appropriate quantiles of the normal distribution.
The equation

q____
Lp—z L%S2+ 52 =25, (1.29)

has a solution for Lp exactly when
Sy <1/z (1.30)

The solution is given by

h q i
L Soat F-0- A3 .
b= (1—zf5$) ’ ’

If zo = 21 = z, the solution has the particularly simple form

225,
Lp = ——. (1.32)
(1 —2252)

It is almost immediately apparent that Lp need not exist under the two-component
medel, or any model that allows the error variance to increase with the concentration. If
z1 V(u) exceeds u for every value of p, then the equation (1.28) certainly cannot be solved.
This in turn will be true if

Ze%n(e%n —1) > 1 (1.33)
452 > 1 (1.34)
S, > 1/z (1.35)

Thus, it is necessary for Lp to exist that S, < 1/z1, and it also turns out to be sufficient.
We can solve the defining equation for Lp in the following way

q—
—21 L%S% + 562 = 208 — Lp (1.36)
sz%Sﬁ + 2282 = (28.—Lp)? (1.37)
ZL5HS5+ 2857 = 2§57 —2x%0S.Lp + L5, (1.38)

or
LH(1— 2582) — Lp(2208e) + (25 — 21)S? = 0. (1.39)

12



It is not difficult to show that this quadratic equation will have real solutions whenever
(1.30) holds. The discriminant of (1.39) is

D = 4285%—4(1- z%S,ZI)(zg — 2%)8? (1.40)
= 48205 — (1 — 2850)(z6 — 22)). (1.41)
This can only be negative if the second term within square brackets is negative (since the

first term is positive). By hypothesis, 1 — sz% > 0, so that the only way this term can be
negative is when zcz) > zf However, 0 < 1 — sz% < 1, so under these conditions,

2 —(1- sz%)(zg —2B)> (B —-2)=2>0 (1.42)

Hence, the discriminant is always positive when condition (1.30) is satisfied.
The appropriate solution to this quadratic equation satisfies

q
(2208¢) +2Se 25— (1 — z%S%)(zS — 22)

Lp = 1.4
b 2(1 - 2752) _ (143)
h q i
Se 20+ 25— (1 —2252)(2§ — 22)
- 5 , (1.44)
(1-— zlsg)

and this solution is positive exactly under our hypothesis. If zg = z1, the solution has the
particularly simple form

220

L = Se————.
b 5 (1—z%S%)

(1.45)

Intuitively, the limit of detection would be S¢(zp + 21) if the variance were constant, and
the factor in the denominator inflates the result to account for the increasing variance.
Let us consider an example. Suppose that @ = 0 and 8 = 1, so that the concentra-
tion and the response are on the same scale, and suppose that the measurement process
parameters are o = S = 1 and o, = 0.1. Then
(o I
Sy = e%i(e”n —1) = .10075, (1.46)

which is essentially the same as 0,. When the confidence level for both the critical value
and the detection limit are chosen to be 95%, that is zg = 21 = 1.645, application of the
formulas leads to Lo = 1.645 and Lp = 3.383 (only slightly greater than if the variance did
not increase with the concentration). If a confidence level of 99% for both is desired then,
20 = z1 = 2.326 and Lo = 2.326 and Lp = 4.923.

On the other hand, if 0, = .3, then Lo = 2.326 as before, but Lp now increases to 10.518.
Finally, when o, = .385, we cannot find a solution for Lp since S, = .4305 > 1/2.326 =
.4299. When the variance increases this rapidly with the concentration, no concentration
can guarantee at the 99% confidence level that the measured value will exceed L.
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Table 1: Zinc Parameter Estimates

Parameter Maximum Likelihood
Estimate

a 490
B 7.06
O¢ 204
Op 0.0390
Se 28.9ppt
Sy 0.0390
Lc (peak area) 965
Lc (concentration) 67.1ppt
Lp 135ppt
Lo 314ppt

The MLEs were obtained using numerical methods in Fortran and then used to calculate the critical value,
L, limit of detection, Lp , and limit of quantification, Lq. The first value reported for L¢ is peak area; the
second is in units concentration (parts per trillion). The Lp and the Lq are both in units of concentration. Lq
was calculated using a CV of 0.10. Both L and L¢ were calculated using a 99% confidence level.

Table 2: Zinc data Set

Concentration | Number of reps | Average Observed Predicted
in parts per Response (peak area) | response
thousand

0 8 265 490

10 7 317 561

20 7 692 631

100 11 1,290 1,200

200 7 2,190 1,900

500 7 4,110 4,020

1000 9 7,590 7,550

2000 7 14,400 14,600

5000 9 35,100 35,800

10000 10 70,300 71,100

25000 9 181,000 177,000

The predicted response at each concentration was calculated using the maximum likelihood estimates for

the parameters of the calibration curve.




Table 3: Propionitrile Parameter Estimates

Parameter Maximum Likelihood Estimates

a 559
B 18.7
O¢ 147
Op 0.0397
Se 7.85ppb
Sp 0.0398
Lc (peak area) 900
Lc (concentration) 18.3ppb
Lo 36.8ppb
Lo 85.6ppb

The MLEs were obtained using numerical methods in Fortran and then used to calculate the critical value,
L, limit of detection, Lp, and limit of quantification, Lq. The first value reported for Lc is peak area. The
second is in units concentration (parts per billion). The Lp and the Lq are both in units of concentration. Lq
was calculated using a CV of 0.10. Both L and L¢ were calculated using a 99% confidence level.

Table 4: Propionitrile Data Set

Concentration | Number of Average Observed Predicted
in parts per reps Response (peak area) response
billion

4.8 7 7.16 7.37

16.0 8 18.1 17.4

32.1 7 31.7 31.7

48.1 3 42.0 46.0

160 6 151 146

321 4 284 289

481 3 431 432

722 5 658 647

3,010 4 2,660 2,680

The predicted response at each concentration was calculated using the maximum likelihood estimates for
the parameters of the calibration curve.



response

200000

180000

160000

140000

120000

100000

80000

60000

40000

20000

Figure 1: Zinc
Predicted and Observed Responses

H
\“

T T T T

5000 10000 15000 20000 25000
Parts per Trillion

30000

& data
—Linear (predicted)




residual

15000
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