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Assumptions

Consider a two-sample t-test between two random
variables X and Y with samples {x, x,,..., x,} and {y, y,,

i
Assumptions under which we do the math are as follows:
e The values of X are statistically independent
e The values of Y are statistically independent
e The values of X and Y are statistically independent
e Each value of X has the same variance o,2.
e Each value of Y has the same variance o,2.
e The values of X are normally distributed
e The values of Y are normally distributed
e Possibly 0,2 = 0,2
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Assumptions

If we transform the variables to f(X) and f(Y) then
these assumptions are still true or false as with X and Y

e The values of X are statistically independent

e The values of Y are statistically independent

e The values of X and Y are statistically independent
But these may change with the transformation

e Each value of X has the same variance o2.

e Each value of Y has the same variance o2.

e The values of X are normally distributed

e The values of Y are normally distributed
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Transformations in Regression

Transforming X or Y or both (for example to logs) can
affect linearity, additivity, non-constant variance, and
normality.

Often logs are useful with measured data at levels well
above o

Often square roots are useful for count data.

The generalized logarithm can be used for measured
data that has both low and high level observations.
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The Delta Method

E(X)=u

VG o

Y =a+bX

E(Y)=a+bu

V(Y)=b*u?

Y08

Taylor's theorem says that if f is smooth, then

f(X)=f(@)+ f'(O)(X-0)+f"(O)X -0+ FDO)(X-6)°+-
for points close to 8. We pick & = 1 and for points close enough to
f(X)= f(u)+ f'(1)(X — ) so that

V(F (X)) =[f'()IV(X)
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/\7a7ance—5ta bilizing Transformations

Suppose that we have a collection of random variables X, X,,... such that
E(X)) =4

V(X;)= azluiz

These are random variables with constant CV a.

In(X.) = In(gg) + £ (X, — 1) so long as z is well bounded away from O.
V(In(X)) = 1V (X)) = g °a° 1 =a°

so the log results in a variance that is approximately constant for values not too close to 0.
And the variance on the log scale is the same as the square CV on the original scale.
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~Variance-Sta bilizing Transformation

Suppose the X. are Poisson random variables with parameter A

E(Xi) = ﬂ’u

V(xi) o ﬂ“.

Find a variance-stabilizing transformation

Let f (x) =x“

f(X0) = A7+ ak (X = 4)

V(xl) ~ aZﬂﬁZa—ZV (X.) = aZﬂ"IZa—ZZ’ = aZﬂJIZa—ZH 55 aZ/fLIZa—l

This does not vary with 4. only if 2o -1=00r ¢ =0.5
The square root transformation stabilizes the variance of Poisson random variables
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ariance-Stabilizing Transformations

Suppose that we have a collection of random variables X, X,,... such that
E(X)) =4
V(X,)=a*+b*u?

These are random variables with constant CV b at high levels and constant standard deviation a at low levels.

If we have a transformation Y = f (X), then

Y~ g+ 1) (X = 14)

and the variance of Y is approximately

V(Y =[f'(x IRY (X)) =[f"(4 ) (@° + bz/uiz)

so the variance is approximately constant when
K

Y

f(x)= j—d

F(x) = ( jm(Hm)

If we choose k =b and consider a single parameter A =a® / b* then the transformation is

f(X) = In(x+\/x2+/12)
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~— Variance-Stabilizing Transformations

If we have uncalibrated values (or pre-calibrated) and
E(X))=a+ B,

V(X)=a’+b’y’

then we have to subtract « from the X. before transformation
so that the mean and variance work correctly

This means our transformation is

f(x) = In(x—a+\/(x—a)2+/12)

we do not have to separately account for 3 since it is absorbed into b
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Transformations vs. Weighting

Suppose we have a regression with heteroscedasticity.

We can transform y and/or x so that the variance is
more nearly constant.

We could also conduct a weighted least squares
analysis with weights equal to the inverse estimated
variance of each observation.

These will often yield results that are similar, but
sometimes one method may be better than the other,
depending on context.
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